Two different physical problems are considered: the magnetic shaping of a liquid metal column and the distortion of a bubble in a corner vortex flow. It is shown that the two problems can be modeled with a virtually identical set of equations. These equations are solved numerically using a conformal mapping and a series truncation method, which permits fast and efficient computation of the bubble or column shapes. It is found that the two problems exhibit different limiting configurations. For the bubble problem, the deformation becomes more severe as the vortex moves further into the corner until eventually the free surface makes contact with the walls. For the magnetic shaping problem, columns approach a limiting configuration featuring either a finite number of cusps or a fixed number of trapped bubbles along the perimeter. The division between these two different behaviors is explained by means of an exact solution for zero surface tension.
1.
Introduction. This paper is concerned with two apparently unrelated problems. The first problem is the magnetic shaping of a liquid metal column. It is motivated by the process of continuous casting in the metallurgical industry in which a free-falling vertical column of liquid metal is shaped by an electromagnetic field. This avoids any surface imperfections which might be introduced by a mold. Experimental work on magnetic shaping has been performed by Etay [7] and Etay, Gagnoud, and Garnier [8] . It appears to have been first analyzed mathematically by Shercliff [14] . The second problem is the deformation of a two-dimensional bubble in a vortex flow. It is relevant to applications where mixing of fluids or cleaning of unwanted bubbles from an apparatus is important. We show that these two problems can be modeled by almost the same equations. The only difference is a sign in the dynamic boundary condition. We solve these equations numerically, recover previous solutions, and compute new ones. Our method is relatively simple and, for the magnetic problem, for example, can be extended to any number of arbitrarily placed conductors.
The problem of computing the shape and evolution of a bubble under a prescribed set of flow conditions has occupied many workers over the years. In this article, we concentrate on the computation of bubble shapes in steady flow. Unsteady calculations have been performed, for example, by Baker and Moore [1] for a gas bubble rising in an inviscid liquid.
Inviscid models have been applied extensively in the literature to computing bubble shapes. McLeod [10] obtained an exact solution describing uniform flow past a two-dimensional bubble in a special case. Further numerical results were obtained by Vanden-Broeck and Keller [17] . Asymptotic results for the same problem were presented by Shankar [13] , and some analytical results were given by Tanveer [15] . Miksis, Vanden-Broeck, and Keller [11] found numerical solutions for uniform flow past axisymmetric bubbles.
Vanden-Broeck and Keller [18] examined straining flow past a bubble in a rightangled corner using boundary integral methods. Ozugurlu and Vanden-Broeck [12] used a series truncation method to extend these results to flow in a corner of arbitrary angle. In both of these papers, bubble shapes were computed numerically for a range of parameter values, and it was shown that in extreme cases, a configuration is reached featuring smaller, trapped bubbles along the free surface. In the present article, we extend these results to the case when the flow is driven by a line vortex positioned at a finite distance from the corner. Our aim is to compute the prevailing bubble shape, which is unknown in advance. Gravity is neglected and the bubble shape is determined by the ambient flow and by surface tension effects. We use a conformal mapping to transform the flow domain into the unit circle, and then use a series truncation method to compute the bubble shape numerically. The series truncation method has been applied previously to calculate free surface flows by Vanden-Broeck [16] , Dias and Vanden-Broeck [6] , Vanden-Broeck and Miloh [19] , Blyth and VandenBroeck [2] , and others. When the vortex is moved to infinity, our results reduce exactly to those obtained by Ozugurlu and Vanden-Broeck [12] .
As mentioned earlier, the vortex problem and the magnetic shaping problem are intimately related mathematically. Therefore we are able to use the same numerical technique to compute liquid column shapes with little amendment to the analysis. In this way, we are able to recompute and extend the results of Shercliff using a somewhat simplified and more convenient approach.
The layout of the paper is as follows. In section 2, we formulate the two physical problems. In section 3 we describe the conformal mapping and present the numerical method. In section 4 we present our numerical results. Our conclusions are summarized in section 5.
Problem formulation.
In this section, we present the mathematical formulations for corner vortex flow past a bubble and magnetic shaping of a liquid metal column by an arrangement of electrical conductors. The mathematical details are almost the same.
Vortex flow past a bubble.
First, we consider inviscid, incompressible flow into a corner of general angle α with a trapped air bubble at the apex, as is sketched in Figure 1 . Our interest lies in computing the shape of the bubble, which is unknown in advance. The flow in the corner is driven by a line vortex whose intensity and position control the shape of the bubble. We define the vortex circulation by Γ. The vortex lies at some point along the bisector, y = tan(α/2) x, at a distance d from the origin. Consequently, the flow is symmetric about this line. The contact angle, β, is a free parameter.
At the surface of the bubble, the fluid pressure undergoes a jump whose magnitude is dictated by the Laplace-Young equation,
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where q is the fluid speed, ρ is the fluid density, and B is a constant. If L is a suitable lengthscale, so that Γ/L represents a characteristic velocity scale, then a routine analysis of (2.2) reveals the importance of two dimensionless groups, one involving the surface tension, and the other involving the distance of the vortex from the origin. For example, these might be defined as
The flow outside of the bubble satisfies Laplace's equation, subject to the nonormal flow condition at the walls,
where u and v are the x and y components of the velocity, respectively. The dynamic condition (2.2) applies at the bubble surface.
Magnetic shaping of a liquid metal column.
Next, we consider a twodimensional column of liquid metal surrounded by an even number of wire conductors carrying high-frequency electrical current, as discussed by Shercliff [14] . The conductors are positioned at equally spaced intervals around a circle of radius d centered at the origin. Gravity is neglected. Any stirring effects in the liquid metal are ignored and the problem is treated as quasi-steady. Under this assumption, the magnetic field generated by the current-carrying wires competes with surface tension to shape the molten column. Our goal is to compute the shape of the free surface, which is unknown in advance. The column shape is assumed to be rotationally symmetric according to the number of conductors present. For this reason, the contact angle, β, is taken to be equal to π/2.
The magnetic field may be described in terms of a potential function satisfying Laplace's equation in the region exterior to the metal column. At the free surface, the appropriate boundary condition is (see, e.g., Shercliff [14] )
where B is the magnitude of the magnetic field at the surface, μ 0 is the permeability of free space, T is the surface tension, κ is the surface curvature defined as in section 2.1, and p is the uniform pressure in the liquid metal. For simplicity, we recast (2.5) in the notation of section 2.1, writing it instead as
where q = B, ρ = 1/μ 0 , and E = μ 0 p is a constant. Clearly, the only difference between (2.6) and the free surface condition for the vortex flow (2.2) is the sign on the second term. Together with the fact that both problems are governed by Laplace's equation within the domain of interest, we see that, despite describing wholly different physical phenomena, the two problems are virtually identical mathematically. The solution to both of these problems is considered in the next section.
We note that there are other problems which are closely related to the current work. These include the equilibrium configuration of a charged surface of liquid metal (see Zubarev [20] and Zubarev et al. [21] ) and the circulation-induced shape deformation of drops and bubbles (see, e.g., Crowdy [5] , [4] and Blyth and VandenBroeck [3] ). The boundary conditions derived by Zubarev [20] imply that our vortex flow also models the deformation of the surface of a liquid metal due to an arrangement of charges symmetrically distributed around it.
Conformal mapping and numerical solution.
In the first problem, discussed in section 2.1, the aim is to compute the shape of the bubble for a vortex of given strength and position. In the second problem, discussed in section 2.2, the aim is to compute the shape of the liquid metal column when surrounded by a prescribed number of conductors carrying a fixed current. We have shown that these two problems are virtually mathematically equivalent, save for a difference in sign in the free surface boundary conditions (2.2) and (2.6). Both problems can be solved numerically using a series truncation method to be described in this section.
To prepare the ground, we first map the flow domain onto the unit circle in a transformed plane. To do this, we introduce the complex potential f (z) = φ + iψ, where φ(x, y), ψ(x, y) are the velocity potential and streamfunction, respectively, and z = x + iy. Treating φ and ψ as independent coordinates, the domain of interest is illustrated in Figure 2 . Note that φ varies between −Γ/2 and Γ/2 and takes the a priori unknown value of γ at the two contact points B and D. The parameter Γ is either a measure of the vortex strength or the current in the conductors. The mapping from the complex f plane into the unit circle in the target t plane is achieved by the transformation
where λ is a positive constant given by 
Fig. 3. The conformal mapping from the f to the t plane via the intermediate t and t planes. The succession of mappings is given by t = exp(−2iπf /Γ), t = (i−t )/(i+t ), and −2λ/t = t+1/t.
Moving the corner vortex to infinity corresponds to the double limit λ → ∞ and Γ → ∞. In this case, Λ → 0 and point P collapses onto point C. Moreover, γ → Γ/2. Writing b = Γ/2 − γ, for constant b, and introducing the shifted complex potential g = f − Γ/2, we obtain the limiting behavior of the mapping (3.1),
which is precisely the mapping used by Ozugurlu and Vanden-Broeck [12] when considering corner flow driven by a vortex at infinity.
The mapping from the f to the t plane is more clearly understood by introducing two intermediate planes, as is shown in Figure 3 . For the magnetic shaping problem, there are 2n conductors positioned symmetrically on a circle of radius d at z = z k and z = z * k , where
π n for k = 1, . . . , n. The current carried by the conductors alternates in sign from one to the other so that as z → z k , the stream function ψ → (−1) k ∞. These limits are represented by the points P and Q in Figure 3 .
The complex velocity is defined by
Taking the limit as z → ∞, we note the behavior of the complex velocity near the origin in the transformed plane,
Consistent with the local flow at the contact points B and D shown in Figure 1 , the complex velocity has the following singular behavior in the t plane:
As shown in Figure 3 , the points P and Q are mapped onto the points t = −iΛ and t = iΛ, respectively, where
Accordingly, the complex velocity has the local structure,
Our aim is to construct a function inside the unit circle in the transformed plane, which is analytic except at the singularities just discussed. To this end, we expand the complex velocity in an infinite series, writing
where the a k are unknown, real coefficients. It will be noted that, while the magnetic shaping problem requires n to be an integer, no such restriction is necessary for the vortex problem. In the latter case, where the corner angle α = π/n, n may be taken to be any positive real number. In the limit when the vortex tends to infinity studied above, the complex velocity given in (3.9) has the leading order behavior, ζ ∼ a 1 t (1/n)−1 (1 − t 2 ) 2(1−β/π) , in agreement with the analysis of Ozugurlu and Vanden-Broeck [12] .
Since the coefficients, a k , in (3.9) are real, the boundary conditions (2.4) are satisfied automatically and it only remains to enforce the dynamic condition (2.2). In practice, the infinite series is terminated after M terms, leaving M unknown coefficients a 1 , . . . , a M . These are determined numerically by placing M collocation points along AB and DE which comprise the free surface. Writing t = e i σ , where 0 < σ < π, we select the M points σ k = (k − 1/2)h for k = 1, . . . , M, where the step length h = π/M . Noting the identity,
we may write the curvature in the convenient form
where a prime denotes partial differentiation with respect to σ. According to the mapping (3.1),
on the unit circle. Substituting (3.11) and (3.12) into the dynamic condition (2.2) and applying the result at each of the collocation points, we derive M nonlinear algebraic equations for the M unknowns a 1 , . . . , a M . These equations are solved numerically using Newton's method. Once the coefficients are known, the shapes are constructed by integrating the identity (3.10). The position of the vortex is given by z v = z A + Z, where z A is the position of the midpoint, A, on the bubble surface, and Z is given by
ds, (3.13) whereΛ = λ + √ λ 2 + 1. Solutions with a cusp at some point along their perimeter can be described by a simple, exact solution for a free surface with zero surface tension and β = π. According to (2.2), such solutions have constant velocity on the bubble surface. They can be constructed by taking a 1 = U , a 2 = 0, a 3 = U Λ 2 , and a k = 0 for all k ≥ 4 in (3.9). This guarantees that |ζ| = U , a constant, on the bubble surface |t| = 1. Successful comparison is made below between this exact solution and numerically computed cusp solutions for the magnetic shaping problem.
Results.
We present results for each of the two different physical problems in turn. For the vortex problem, the contact angle, β, is a free parameter. For the metal column shaping problem, β is equal to π/2. All solutions were computed using the method described in section 3. In most cases, we took M = 150 collocation points along the free surface. This was found to be sufficient to accurately resolve the bubble and liquid metal column shapes. In exceptional cases, we needed to take M = 200 to obtain an accurate solution. An example set of coefficients for a sample calculation is presented below.
We begin by presenting results for corner flow past a bubble. To define dimensionless variables, we set T = ρ = Γ = 1. This leaves a two-parameter family of solutions obtained by varying γ and B. In Figure 4 (a), we show a number of bubble shapes with contact angle β = π/2 for the case B = 1 and for various values of γ. The vortex is indicated by a solid disk for each bubble shape. As γ is reduced, the vortex moves towards the origin, forcing the bubble towards the walls until it eventually makes contact at γ = 0.149. Beyond this point, the free surface intersects the Free surface shapes inside a corner of angle α = π/3 are displayed in Figure 5 (a) for the contact angle β = π/2. As γ increases, the vortex moves further into the corner until contact is made between the free surface and the walls. For the contact angle β = π, considered in Figure 5(b) , intersection between the bubble and the walls tends to occur much closer to the contact points. As γ increases and the vortex moves a long distance from the corner, the free surface tends to a circular arc, except in small regions close to the walls, where the bubble meets the wall tangentially. The circular arc is the expected shape for a bubble in a stagnant fluid. It is shown as a broken line in Figure 5(b) .
Results for flow past a bubble adhering to a plane wall are displayed in Figure 6 for B = 0.5. As γ decreases and the vortex moves towards the wall, the bubble is squashed downwards until its midpoint touches the wall at γ = 0.247. Beyond this value, the free surface intersects the wall, preventing physical interpretation. As γ increases and the vortex moves away from the wall, the bubble expands and eventually acquires the semicircular shape expected for an attached bubble residing in a quiescent fluid. If, simultaneously, the vortex strength tends to infinity, we obtain uniform flow past a bubble on a flat wall, as discussed by Vanden-Broeck and Keller [17] .
We now turn to the liquid metal column shaping problem. We start by recomputing some of Shercliff's results using our simplified conformal mapping. First, we nondimensionalize (2.6), writing q = B s q * , where B s is a reference magnetic field strength, and κ = κ * /L, where L is a reference length. Dropping the asterisks for now represents the dimensionless circulation. To conform with Shercliff's results, we take k = 0.5 and Γ = π throughout.
In Figure 7 , we plot column shapes for a number of values of a for the two cases sin(α S ) = 0.5 and sin(α S ) = 0.8, corresponding to Shercliff's Figures 12 and 13 . As a increases, the shapes in Figure 7 (a) tend to a limiting cusped configuration, while those in Figure 7 (b) approach a shape with trapped bubbles along the perimeter. The critical value dividing these two characteristic limits is provided by Shercliff as sin α S = 0.66. In either the subcritical or supercritical case, the limiting configuration is easily obtained as the exact solution for zero surface tension discussed at the end of section 3. To confirm this statement, we temporarily drop the current nondimensionalization and, in Figure 8 The effect on the cusp shape of increasing α S is shown in Figure 9 . As α S is raised, the cusps eventually intersect themselves. The first intersection occurs at the critical value sin α Sc = 0.66, which is in excellent agreement with Shercliff's prediction. Typical subcritical and supercritical profiles are shown in the figure. The behavior of the exact cusp solutions suggests that, as a increases, metal columns for which α S < α Sc will approach a limiting physical shape exhibiting trapped bubbles, and those for which α S > α Sc will approach a cusped configuration. These predictions are confirmed by the shapes shown in Figure 7 . A magnified view of one of the trapped bubbles seen in Figure 7 (a) is shown in Figure 10 (a). The shape eventually intersects itself when a is increased further, as can be seen in Figure 10(b) .
Shercliff presented results for only four conductors. Our numerical method allows us to compute shapes for any even number of conductors. By way of illustration, we show in Figure 11 the various column shapes produced by six regularly placed conductors. Computing the exact cusp solution for zero surface tension as described above, we find the critical value sin α S = 0.75. Subcritical values correspond to limiting cusp solutions appropriate to Figure 11(a) , and supercritical values correspond to shapes with trapped bubbles appropriate to Figure 11 (b).
Summary.
We have considered the free surface shapes adopted by a bubble in a vortex corner flow or by a column of liquid metal surrounded by an even number of conductors, and have noted the near mathematical equivalence between these two problems. In both cases, our approach has been to use a conformal map to transform the domain of interest into the unit circle. In the process, the kinematic condition on the walls in the case of the vortex flow, or the symmetry conditions in the case of the metal column, were satisfied automatically, and the free surface condition was satisfied by expanding in a convergent power series, which was truncated to permit numerical computation. For the magnetic shaping problem, our approach has considerably simplified the analysis used by Shercliff to compute the various shapes.
For both problems, we have presented a variety of shapes over a range of conditions and have demonstrated the limiting configurations featuring either cusps or trapped bubbles along the free surface perimeter. Moreover, we have constructed exact zero surface tension cusp solutions and have shown that as one parameter is varied, these solutions begin to intersect themselves. The critical value at which this self-intersection occurs corresponds to the division between limiting cusp and trapped bubble solutions of the free surfaces with surface tension present. Below the critical value, the bubble shapes approach a cusped configuration; above it, the free surfaces tend to a shape with trapped bubbles along its perimeter.
The issue of the stability of the configurations computed in this paper is left as a topic for future work. Stability calculations for related problems involving liquid metals have been performed by Felici [9] .
